We derive the coupling-constant expression for the kinetic energy (KE) functional of the pair-density-functional theory. Such the expression can be effectively used in developing the approximate KE functional. Indeed, on the basis of this expression, we present an approximate form of the KE functional by means of the perturbation theory. Furthermore, as the first step of an alternative way of obtaining the approximate KE functional, we derive several relations and bounds for the KE functional by investigating how the KE functional changes with the nonuniform scaling, rotation, and translation of electron coordinates. Such relations and bounds can be utilized as restrictive conditions on the approximate form. Thus, the coupling-constant expression, relations and bounds obtained here provide useful tools for devising various types of the approximate KE functional that is indispensable for advancing the pair-density-functional theory.
I. INTRODUCTION
The pair density (PD) corresponds to the diagonal element of the second-order reduced density matrix and has more information about the electron correlation than the electron density [1] [2] [3] [4] [5] [6] . Therefore, the PD-functional theory , which can reproduce the ground-state PD, has recently attracted particular interest as a potential scheme that goes beyond the conventional density-functional theory (DFT) [45, 46] . The PD-functional theory was first proposed by Ziesche [7, 8] . Since then, two kinds of problems make it difficult for us to perform actual calculations of the PD-functional theory. One is related to the N -representability problem of the PD [1] [2] [3] [4] [5] [6] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . In carrying out a variational search for the ground-state PD, the search region of PDs should be the set of the N -representable PDs. However, the necessary and sufficient conditions for the N -representability of the PD have not yet been known in a practical form. We have recently attempted to utilize as the search region of PDs the set of PDs that come from some kind of antisymmetric wave functions [20] [21] [22] [23] [24] . More recently, we have proposed an efficient method to extend the search region within the set of N-representable PDs [25] . Specifically, the search region of PDs is extended by adding the uniformly scaled PDs to elements of the search region. The validity has been confirmed by numerical calculations [25] . Thus, the method of how to set up the search region of PDs, which is related to the computational time [47] , is one of two problems in the PD-functional theory.
The other problem is related to the kinetic energy (KE) functional of the PD-functional theory. Since the KE cannot be expressed by the PD alone, some approximation is needed for the KE functional [39] [40] [41] [42] [43] [44] . For the purpose of solving this issue, it is helpful to review how to develop the approximate form of the exchange-correlation (xc) energy functional of the DFT and its extensions [48] [49] [50] [51] [52] . Generally, there are two strategies to develop the approximate form of the xc energy functional [52] . One is to utilize the coupling-constant expression for the xc energy functional. For example, the local density approximation [46] , average-density approximation [53] [54] [55] [56] , and weighted-density approximation [54] [55] [56] [57] [58] are classified into approximations that are developed along with this strategy. The other is to utilize relations and bounds, which are fulfilled by the exact xc energy functional, as the restrictive conditions. The generalized gradient approximation [59] [60] [61] [62] [63] , density-moment approximation [64] [65] [66] [67] [68] [69] , and vorticity expansion approximation [70] [71] [72] [73] are developed along with this strategy. It is expected that these two strategies are also applicable to developing the approximate form of the KE functional of the PD-functional theory.
In this paper, we take the abovementioned two strategies for the development of the approximate form of the KE functional. Concerning the first strategy, we derive the coupling-constant expression for the KE functional. On the basis of this expression, an approximate form of the KE functional is also presented using the perturbation theory.
As for the second strategy, two kinds of relations and bounds for the KE functional of the PD theory have been derived so far [11, 24] . Several approximate KE functionals have been developed by requiring them to fulfill two relations and bounds [24, 25] . The validity of the approximate forms is checked by actual calculations, and it is shown that there remains room for improvement [24, 25] . Since relations and bounds are regarded as the necessary conditions on the approximate functional, more and/or stronger necessary conditions are desired for the improvement of the approximate functional. In this paper, we derive several kinds of relations and bounds by investigating the behavior of the KE functional under the nonuniform scaling, rotation, and translation of electron coordinates. The usefulness of these relations and bounds is also discussed.
Organization of this paper is as follows. In Sec. II, along with the first strategy, the KE functional is given in the coupling-constant expression. The approximate form based on the expression is also discussed. In Sec. III, several kinds of relations and bounds are given along with the second strategy. Also, examples of using relations and bounds are presented. Finally, some concluding remarks are given in Sec. IV.
II. COUPLING-CONSTANT EXPRESSION FOR THE KE FUNCTIONAL
In this section, we derive the exact expression for the KE functional by means of the coupling-constant integration. Let us consider the system where the Hamiltonian is given bŷ
whereT ,Ŵ , andV are operators of the kinetic, electronelectron interaction, and external potential energies, respectively. Due to the Hohenberg-Kohn theorem with respect to the PD [7, 8] , the ground-state wave function can be denoted as | [γ (2) ] , where γ (2) is the ground-state PD of the system. The KE functional of the PD-functional theory is given by
where | [γ (2) ] is normalized to unity in the volume and the subscript of the angular bracket in Eq. (2) means that integrals are performed over the volume . In the previous scheme [20, 22, 23] , the noninteracting reference system is introduced so as to reproduce the variationally best PD within the set of PDs that are constructed from the single Slater determinants (SDs). The Hamiltonian of the noninteracting reference system is given byĤ
whereV int eff denotes the effective potential of the electronelectron interaction, which is similar to that of the correlated Hartree-Fock equation [20, 22, 23] . The explicit form ofV int eff is given so that the correct electron density of the ground state is reproduced in the noninteracting reference system [22, 23] . This fact will be used later.
In order to derive the coupling-constant expression for T [γ (2) ], we consider the system, the Hamiltonian of which is given byĤ
where λ takes a real value from 0 to 1. This Hamiltonian coincides with Eqs. (1) and (3) in the cases of λ = 1 and λ = 0, respectively. If the ground-state energy and wave function for this Hamiltonian are denoted by E λ and | λ , respectively, then we have
With the aid of the Hellmann-Feynman theorem, the derivative of E λ with respect to λ leads to
Integrating both sides of Eq. (6) with respect to λ, we get
The left-hand side of Eq. (7) can be rewritten using the Hohenberg-Kohn theorem of the PD-functional theory. Since | 1 denotes the ground-state wave function, we have | 1 = | [γ (2) ] from the Hohenberg-Kohn theorem. Therefore, E 1 is given by
where W [γ (2) ] and V [γ (2) ] are the expectation values ofŴ andV with respect to | [γ (2) ] , respectively. Similarly to Eq. (8), E 0 can be rewritten as the functional of γ (2) SD that stands for the ground-state PD of the noninteracting reference system. Since | 0 can be denoted by | [γ (2) SD ] with the aid of the Hohenberg-Kohn theorem for the noninteracting reference system, we have
where
SD ], and V [γ (2) SD ] are the expectation values ofT ,V int eff , andV with respect to | [γ (2) SD ] , respectively. It should be noted that γ (2) SD is the functional of γ (2) . This
SD is given as the variationally best PD that is determined for the real system [20, 22, 23] . Since the external potential is determined by γ (2) due to the Hohenberg-Kohn theorem, we can say that γ (2) SD is expressed as the functional of γ (2) , that is, γ
SD [γ (2) ]. Using the notation γ
SD [γ (2) ] and substituting Eqs. (8) and (9) into Eq. (7), we obtain
where we use the fact that the correct electron density of the ground state is reproduced in the noninteracting reference system [22] . Equation (10) is the coupling-constant expression for the KE functional of the PD-functional theory. One can use this expression as a starting point of developing the approximate form of T [γ (2) ]. It should be noted that Eq. (10) consists of the noninteracting KE and its correction terms, which is similar to the KE functional of the conventional DFT [74] .
In order to develop the approximate form of T [γ (2) ], the second term of Eq. (10) should be devised. The wave function | λ in it can be approximated by reference to the densityfunctional perturbation theory [75, 76] . Namely, we decompose the HamiltonianĤ λ into the nonperturbative HamiltonianĤ eff and perturbation λ(Ŵ −V int eff ). If we denote the eigenfunction ofĤ eff by | k , then we havê
where ε k is the eigenvalue for | k , and | 0 corresponds to the ground-state wave function of the noninteracting reference system, that is,
SD [γ (2) ]] . With the aid of the perturbation theory, | λ is given by
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Using Eq. (12), Eq. (10) is rewritten as
Equation (13) is an alternative form of the exact expression for T [γ (2) ]. An approximate form of T [γ (2) ] can be proposed on the basis of Eq. (13) . As the lowest approximation, by neglecting the second-and higher-order terms ofŴ −V int eff , Eq. (13) is approximated to
The second term of the right-hand side, that is,
SD [γ (2) ]] , just corresponds to the correlated KE of the PD-functional theory. Its magnitude is expected to be comparable to that of the correlation energy due to its form. This seems to be quite reasonable because the similar approximate formula is found in the conventional DFT, in which the magnitude of the correlated KE is shown to be approximately equal to that of the correlation energy functional [6, 77] .
On the basis of Eq. (14), we may propose the approximate form of T [γ (2) ]. For instance, the first term may be approximated by the model functional for the noninteracting KE such as the Thomas-Fermi approximation, Weizsäcker formulas, and so on [6] . The second term may be approximated by the density functional of the correlation energy such as the local density approximation, the generalized gradient approximation, and so on [6] . Thus, an approximate form of T [γ (2) ] can be obtained on the basis of the exact expression for T [γ (2) ].
III. EXACT RELATIONS AND BOUNDS FOR THE KE FUNCTIONAL

A. Exact relations and bounds for the KE functional by means of the nonuniform coordinate scaling of electrons
In the conventional DFT and its extensions, the nonuniform coordinate scaling of electrons has been utilized in investigating properties of the xc energy functional [52, 78] . The relations and bounds derived from the nonuniform coordinate scaling of electrons have been effectively used in devising the approximate form of the xc energy functional [59] [60] [61] [62] [63] [70] [71] [72] [73] . In this subsection, by following the cases of the conventional DFT [78] and current-densityfunctional theory (CDFT) [52] , we derive exact relations and bounds for the KE functional of the PD-functional theory by means of the nonuniform coordinate scaling of electrons.
In Sec. III A 1, we first investigate properties of | [γ (2) ] for general cases by means of the nonuniform coordinate scaling of electrons and then derive the fundamental properties of the KE functional. Using these, the exact relations and bounds for the KE functional can be derived, which are shown in Secs. III A 2 and III A 3. For convenience, the notations that are used in Sec. III A are summarized in Appendix A.
Fundamental properties of the KE functional
Let us consider the transformation of electron coordinates (rr ; rr ) is called a scaled PD, the domain of which is within the volume . In order to derive properties for T [γ (2) ], we introduce the following functional:
where α, β, and γ are real numbers that enlarge or reduce the components of the KE anisotropically and where | αβγ [γ (2) ] denotes the minimizing wave function.T a (a = x, y, z) in Eq. (18) is given bŷ
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It should be noted that T αβγ [γ (2) ] coincides with T [γ (2) ] in the case of α = β = γ = 1. In this case, we denote the minimizing wave function by | [γ (2) ] instead of | 111 [γ (2) ] . Similarly to Eq. (18) 
As shown in Appendix B, the following relation holds: 
Using Eqs. (22) and (23), we obtain
This equation immediately leads to
In the special case when ζ x = ξ l , ζ y = ξ m , and ζ z = ξ n , where ξ , l, m, and n are real numbers, Eq. (25) becomes
Furthermore, we consider the other type of properties of the KE functional. By differentiating both sides of Eq. (25) with respect to ζ a (a = x, y, z) and by using the HellmannFeynman theorem, we have
The proof of Eq. (27) is given in Appendix C. Similarly, the derivative of both sides of Eq. (26) with respect to ξ leads to
Equation (28) is proven in the same way as the proof in Appendix C.
Equations (25)- (28) are fundamental properties of the KE functional. In the subsequent Sec. III A 2, using these properties, we derive the exact relations and bounds for the KE functional. (2) ] is equal to or larger than the expectation value with respect to | ζ 2 (2) ] is the minimizing wave function. Thus, we have the following inequality:
Substituting Eq. (27) into the right-hand side of Eq. (29), we get
This inequality is one of the exact relations that should be satisfied with the KE functional.
The other relations can be obtained by using Eq. (27) . Multiplying both sides of Eq. (27) by ζ δ−1 a , we have 
where the equal sign holds when δ is equal to 2. Equation (33) is also one of exact relations for the KE functional. It should be noted that if we consider an isolated system, Eq. (33) with δ = 2 is reduced to
where all denotes the whole space. We may soon find that Eq. (34) coincides with the relation that is derived by means of the uniform coordinate scaling of electrons [24] . This means that Eq. (33) includes the previous results [24] and may be useful for further developments of the approximate KE functional. By using Eqs. (26) and (28), we also obtain the other relation for the KE functional. Multiplying both sides of Eq. (28) by ξ , we have
Since | lξ 2l mξ 2m nξ 2n [γ (2) ] is the wave function that minimizes the expectation value of lξ
z among the wave functions that yield γ (2) , the right-hand side of Eq. (35) is equal to or more than 2T lξ 2l mξ 2m nξ 2n [γ (2) ]. If the values of l, m, and n are positive, then Eq. (26) leads to T lξ 2l mξ 2m nξ 2n [γ (2) 
. Thus, we get the following relation:
This relation is also one of exact relations that should be fulfilled by the KE functional.
Equations (30), (33) , and (36) are regarded as exact relations for the KE functional. These relations, as well as the previously derived relations [24] , can be utilized in evaluating and/or developing the approximate forms of the KE functional of the PD-functional theory. In Sec. III C, we show examples of using Eqs. (30) , (33) , and (36) as restrictive conditions on the KE functional.
Illustrative examples
Equations (30), (33) , and (36) have a general form, so that one can make diverse choices of scaling factors (ζ x , ζ y , ζ z , and ξ ) and parameters (δ, l, m, and n). In this subsubsection, we show illustrative examples of the exact relations and bounds.
Let us consider the specific nonuniform coordinate scaling such that ζ x = ζ , ζ y = ζ z = 1. In this case, the lower bounds for T [γ 
If we consider the specific case when ζ x = ζ y = ζ , ζ z = 1, then the upper and lower bounds for T [γ (2) x y z ζ ζ 1 ] are also derived from Eqs. (30) and (33) in a way similar to Eq. (38) . We have
Thus, exact relations obtained in Sec. III A 2 are versatile, and they could include various special cases.
B. Invariance of the KE functional under the translation and rotation
In the conventional DFT, the translation and rotation of electron coordinates have already been discussed in deriving the relations for the xc energy functional [78] . In this subsection, we derive the relation for the KE functional by discussing how the KE functional changes under the translation and rotation of electron coordinates.
Let us consider the transformation such that r i is transformed into r i = R 
Equation (42) can be utilized in evaluating and/or developing approximate forms of the KE functional. Examples of using Eq. (42) are shown in Sec. III C.
C. Examples of using exact relations and bounds
In a previous paper [24] , we have proposed the approximate functional that fulfils the requirement that has been derived by means of the Hohenberg-Kohn theorem of the PD. The KE functional is given by [24] T [γ (2) 
where f (r,r ) is a function that should be determined from the other relations for the KE functional. In the previous works, f (r,r ) is determined by requiring it to satisfy the relation that is derived via the uniform coordinate scaling of electrons [24] . The condition on f (r,r ) is given by [24] {2f (r,r ) + r · ∇f (r,r ) 
respectively, and where f (r,r ) is rewritten as f (x, y, z,x , y , z ) in Eqs. (45)- (47) . Furthermore, as the sufficient condition for satisfying the above conditions, we respectively obtain Table I . Judging from the number of satisfactory relations and bounds, it is expected that the approximate form (i) shows good behavior in comparison with the others. Also, when making the approximate forms better and when proposing the other new functionals, Eqs. (49)- (52) may work as the requirements. Thus, exact relations and bounds obtained in Secs. III A and III B can be certainly used in developing the approximate form of T [γ (2) ].
IV. CONCLUDING REMARKS
The development of the approximate form of the KE functional is one of the main issues in the PD-functional theory. We address this issue with two strategies by reference to The second strategy is to develop the approximate functional by utilizing relations and bounds for the KE functional as restrictive conditions. In this paper, three kinds of exact relations are obtained successfully by investigating nonuniform scaling properties of the KE functional. On the basis of such exact relations, we illustrate a few examples of upper and lower bounds for the KE functional. Also, we show examples of how the exact relations are used as restrictive conditions. Thus, the relations and bounds obtained here become strong restrictive conditions in developing and/or evaluating the approximate form of the KE functional. In addition, it is shown in this paper that the KE functional does not change under the rotation and translation of electron coordinates. This fact also becomes a useful restrictive condition on the approximate form of the KE functional as shown in Sec. III C.
Thus, the two abovementioned strategies are considered to provide promising approaches to develop the approximate KE functional of the PD-functional theory.
